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Abstract. In this short note, we use the idempotent decomposition to give
an explicit isomorphism from a semisimple Artinian ring to an external direct
sum of finite full matrix rings over division rings.
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Throughout this note A denotes a ring with identity. If e and f are two idem-
potents of A such that eA and fA are isomorphic as right A-module, then e and f
are said to be equivalent and we write e ≃ f . Concerning the idempotents, all the
facts needed for our discussion are collected in the following lemma.
Lemma 1. [6, Theorem 4.1-4.4, pp.16-18] Let e and f be idempotents of A.
(1) If (eA)A is an internal direct sum of A-submodules eA = I1⊕ I2⊕ · · ·⊕ In, then
there exists an orthogonal idempotent decomposition e = e1+e2+ · · ·+en such that
Ii = eiA (1 ≤ i ≤ n). e is primitive if and only if (eA)A is indecomposable. In
particular, if (eA)A is irreducible, then e is primitive.
(2) e ≃ f if and only if there exist a ∈ fAe, b ∈ eAf such that ab = f, ba = e.
(3) HomA(eA, fA) ∼= fAe as additive groups and EndA(eA) ∼= eAe as rings.
Lemma 2. [3, Lemma 1] If A contains a family elements εµν(1 ≤ µ, ν ≤ n) such
that ε11+ · · ·+ εnn = 1A and εµνεξη = δνξεµη for all µ, ν, ξ, η ∈ {1, · · · , n}(here δνξ
is the Kronecker symbol), then we have the following ring isomorphism
ϕ : A −→ Mn(ε11Aε11),
a 7−→ (ε1µaεν1)n×n
where the (µ, ν)-entry of ϕ(a) is ε1µaεν1. (The elements εµν ’s are called matrix
units in A.)
Now, we will prove the main result of this article.
Wedderburn-Artin’s Theorem. If the regular right A-module AA is completely
reducible, then A is isomorphic to an external direct sum of finite full matrix rings
over division rings.
Proof. We can express AA as an internal direct sum of a family of irreducible A-
submodules: A =
⊕
λ∈Λ Iλ. Then there exist finite elements λ1, λ2, · · · , λn ∈ Λ
such that 1A ∈
⊕n
i=1 Iλi . This yields that A =
⊕n
i=1 Iλi and Λ = {λ1, λ2, . . . , λn}.
Thus 1A has a orthogonal primitive idempotent decomposition 1A =
∑k
i=1
∑ni
µ=1 ei,µ,
where ei,µ’s are pairwise orthogonal primitive idempotents of A such that ei,µ ≃ ej,ν
holds if and only if i = j. Furthermore, for each i, µ with 1 ≤ i ≤ k and
1 ≤ µ ≤ ni, we choose a
(i)
µ ∈ ei,1Aei,µ and b
(i)
µ ∈ ei,µAei,1 such that ei,1 = a
(i)
µ b
(i)
µ
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2and ei,µ = b
(i)
µ a
(i)
µ . In particular, set a
(i)
1 = b
(i)
1 = ei,1.By Schur’s lemma, ei,1Aei,1
∼=
EndA(ei,1A) is a division ring for each i and ei,µAej,ν ∼= HomA(ej,νA, ei,µA) = 0
whenever i 6= j. For every i(1 ≤ i ≤ k), set ci =
∑ni
µ=1 ei,µ. Then 1A =
∑k
i=1 ci
and ciAcj = 0 whenever i 6= j, which yields that c
2
i = ci
∑k
j=1 cj = ci and
cia = cia
∑k
j=1 cj = ciaci =
∑k
j=1 cjaci = aci for every a ∈ A. Hence ci’s are
all central idempotents of A and they are pairwise orthogonal. From this fact we
can conclude that A =
⊕k
i=1Aci, where each Aci is a two-sided ideal of A and is
itself a ring with identity ci. Set Ai = Aci = ciA.
Using Lemma 2, we can easily construct an isomorphism fromAi to the ni×ni full
matrix ring over ei,1Aei,1. For each µ ∈ {1, · · · , ni}, we have ei,µ = ei,µ
∑ni
ν=1 ei,ν =
ei,µci = ciei,µ ∈ Ai, so {b
(i)
µ , a
(i)
ν |1 ≤ µ, ν ≤ ni} ⊂ Ai. An easy computation shows
that
∑ni
µ=1 b
(i)
µ a
(i)
µ =
∑ni
µ=1 ei,µ = ci = 1Ai and (b
(i)
µ a
(i)
ν )(b
(i)
ξ a
(i)
η ) = δνξb
(i)
µ a
(i)
η for
µ, ν, η, ξ ∈ {1, · · · , ni}. Thus b
(i)
µ a
(i)
ν (1 ≤ µ, ν ≤ ni) are matrix units in Ai, which
yields the following isomorphism of rings:
Υi : Ai −→ Mni(ei,1Aei,1),
aci 7−→
(
b
(i)
1 a
(i)
µ acib
(i)
ν a
(i)
1
)
ni×ni
=
(
a(i)µ ab
(i)
ν
)
ni×ni
where a is any element of A and
(
a
(i)
µ ab
(i)
ν
)
ni×ni
denotes a ni × ni-matrix whose
(µ, ν)-entry is a
(i)
µ ab
(i)
ν (1 ≤ µ, ν ≤ ni). As a result, we obtain the following
isomorphism of rings:
Υ : A −→ Mn1(e1,1Ae1,1)
⊕
· · ·
⊕
Mnk(ek,1Aek,1) .
a 7−→




a
(1)
1 ab
(1)
1 , · · · , a
(1)
1 ab
(1)
n1
· · · · · · · · ·
a
(1)
n1 ab
(1)
1 , · · · , a
(1)
n1 ab
(1)
n1

 , · · · ,


a
(k)
1 ab
(k)
1 , · · · , a
(k)
1 ab
(k)
nk
· · · · · · · · ·
a
(k)
nk ab
(k)
1 , · · · , a
(k)
nk ab
(k)
nk





ACKNOWLEDGMENTS
I would like to express my gratitude to Prof.J.P.Zhang, who led me to the fascinating
field of representation theory. Thanks are also given to Prof.Nicholson for his helpful
comments and suggestions.
References
[1] E.Artin, C.J.Nesbitt and R.M.Thrall, rings with minimum condition, university of Michigan
Press, 1946.
[2] E.Artin and G.Whaples, The theory of simple rings, American J.Math.65(1943), No.1, 87-107.
[3] M.Bresar, An elementary approach to Wedderburn’s structure theory, Expo.Math.28(2010),
79-83.
[4] N.Jacobson, Basic Algebra II, W.H.Freeman and Company, 1989.
[5] Shaoxue Liu, Wedderburn-Artin theorem for additive categories, Kexue Tongbao(English
Ed.)33(1988), No.18, 1501-1503.
[6] H.Nagao and Y.Tsushima, Representations of Finite Groups, Academic Press, New York,
1987.
[7] W.K.Nicholson, A short proof of the Wedderburn-Artin theorem, New Zealand
J.Math.22(1993), No.1, 83-86.
[8] R.S.Rao: On near-rings with matrix units, Quaestiones Math. 17(1994), 321-332.
[9] T.Szele, Simple proof of the Wedderburn-Artin structure theorem, Acta
Math.Acad.Sci.Hungar.5(1954), 101-107.
3[10] Bangteng Xu, A simplified and elementary proof of the Wedderburn-Artin structure theo-
rem(in Chinese), Hunan Jiaoyu Xueyuan Xuebao(Ziran Kexue)8(1990), No.5, 143-145.
